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Abstract
A new mechanism for mass generation of gauge field is discussed in this
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1 Introduction
Now, it is generally believed that four kinds of fundamental interactions in Nature
are all gauge interactions and can be described by gauge field theory. From theoret-
ical point of view, the principle of local gauge invariance plays a fundamental role
in particle’s interaction theory[1]. According to experimental results, some gauge
bosons are massive [2]. A usual way to make gauge field obtain non-zero mass is to
use spontaneously symmetry breaking and Higgs mechanism [3, 4, 5, 6, 7, 8, 9, 10],
which is well-known in constructing the standard model [11, 12, 13]. But the Higgs
mechanism is not the only mechanism that make gauge field massive. In this paper,
another mechanism for the mass generation of gauge field is proposed. By introduc-
ing two sets of gauge fields, we will introduce the mass term of gauge fields without
violating the local gauge symmetry of the Lagrangian. Because the Lagrangian has
strict local gauge symmetry, the model is renormalizable[14].
2 The Lagrangian of The Model
Suppose that the gauge symmetry of the theory is SU(N) group, ψ(x) is a N-
component vector in the fundamental representative space of SU(N) group and the
representative matrices of the generators of SU(N) group are denoted by Ti (i =
1, 2, . . . , N2 − 1). They are Hermit and traceless. They satisfy:
[Ti , Tj] = ifijkTk, T r(TiTj) = δijK, (2.1)
where fijk are structure constants of SU(N) group, K is a constant which is inde-
pendent of indices i and j but depends on the representation of the group. The
representative matrix of a general element of the SU(N) group is expressed as:
U = e−iα
iTi (2.2)
with αi the real group parameters. In global gauge transformations, all αi are in-
dependent of space-time coordinates, while in local gauge transformations, αi are
functions of space-time coordinates. U is a unitary N ×N matrix.
In order to introduce the mass term of gauge fields without violating local gauge
symmetry, two kinds of gauge fields Aµ(x) and Bµ(x) are needed. Aµ(x) and Bµ(x)
are vectors in the canonical representative space of SU(N) group. They can be
expressed as linear combinations of generators :
Aµ(x) = A
i
µ(x)Ti (2.3a)
Bµ(x) = B
i
µ(x)Ti. (2.3b)
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where Aiµ(x) and B
i
µ(x) are component fields of gauge fields Aµ(x) and Bµ(x) re-
spectively.
Corresponding to two kinds of gauge fields, there are two kinds of gauge covariant
derivatives in the theory:
Dµ = ∂µ − igAµ (2.4a)
Dbµ = ∂µ + iαgBµ. (2.4b)
The strengths of gauge fields Aµ(x) and Bµ(x) are defined as
Aµν =
1
−ig
[Dµ , Dν ]
= ∂µAν − ∂νAµ − ig[Aµ , Aν ] (2.5a)
Bµν =
1
iαg
[Dbµ , Dbν ]
= ∂µBν − ∂νBµ + iαg[Bµ , Bν ]. (2.5b)
respectively. Similarly, Aµν and Bµν can also be expressed as linear combinations of
generators:
Aµν = A
i
µνTi (2.6a)
Bµν = B
i
µνTi. (2.6b)
Using relations (2.1) and (2.5a,b), we can obtain
Aiµν = ∂µA
i
ν − ∂νAiµ + gf ijkAjµAkν (2.7a)
Biµν = ∂µB
i
ν − ∂νBiµ − αgf ijkBjµBkν . (2.7b)
The Lagrangian density of the model is
L = −ψ(γµDµ +m)ψ − 14KTr(AµνAµν)− 14KTr(BµνBµν)
− µ2
2K(1+α2)
Tr [(Aµ + αBµ)(Aµ + αBµ)]
(2.8)
where α is a constant. In this paper, the space-time metric is selected as ηµν =
diag(−1, 1, 1, 1), (µ, ν = 0, 1, 2, 3). According to relation (2.1), the above Lagrangian
density L can be rewritten as:
L = −ψ[γµ(∂µ − igAiµTi) +m]ψ − 14AiµνAiµν − 14BiµνBiµν
− µ2
2(1+α2)
(Aiµ + αBiµ)(Aiµ + αB
i
µ).
(2.9)
An obvious characteristic of the above Lagrangian is that the mass term of the gauge
fields is introduced into the Lagrangian and this term does not affect the symmetry
of the Lagrangian. We will prove that the above Lagrangian has strict local gauge
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symmetry in the chapter 4.
Because both vector fields Aµ and Bµ are standard gauge fields, this model is a
kind of gauge field model which describes gauge interactions between gauge fields
and matter fields.
3 Global Gauge Symmetry and Conserved Charges
Now, let’s discuss the gauge symmetry of the Lagrangian density L. First, we
will discuss the global gauge symmetry and the corresponding conserved charges.
In global gauge transformation, the matter field ψ transforms as:
ψ −→ ψ′ = Uψ, (3.1)
where U is independent of space-time coordinates. That is
∂µU = 0. (3.2)
The corresponding global gauge transformations of gauge fields Aµ and Bµ are
Aµ −→ UAµU † (3.3a)
Bµ −→ UBµU † (3.3b)
respectively. It is easy to prove that
Dµ −→ UDµU † (3.4a)
Dbµ −→ UDbµU † (3.4b)
Aµν −→ UAµνU † (3.5a)
Bµν −→ UBµνU † (3.5b)
Using all the above transformation relations, it can be strictly proved that all terms
in eq(2.8) are gauge invariant. So, the whole Lagrangian density has global gauge
symmetry.
Let αi in eq(2.2) be the first order infinitesimal parameters, then, in the first
order approximation, the transformation matrix U can be rewritten as:
U ≈ 1− iαiT i. (3.6)
The first order infinitesimal variations of fields ψ, ψ, Aµ and Bµ are
δψ = −iαiT iψ (3.7a)
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δψ = iαiψT i (3.7b)
δAµ = α
if ijkAjµT
k (3.8a)
δBµ = α
if ijkBjµT
k (3.8b)
respectively. From eqs(3.8a,b) and eqs(2.3a,b), we can obtain
δAkµ = α
if ijkAjµ (3.9a)
δBkµ = α
if ijkBjµ. (3.9b)
The first order variation of the Lagrangian density is
δL = ∂µ
(
∂L
∂∂µψ
δψ + δψ ∂L
∂∂µψ
+ ∂L
∂∂µAkν
δAkν +
∂L
∂∂µBkν
δBkν
)
= αi∂µJ iµ,
(3.10)
where
J iµ = iψγµT
iψ − f ijkAjνAkµν − f ijkBjνBkµν . (3.11)
The conserved current can also be written as
Jµ = iψγµT
iψT i + i[Aν , Aµν ] + i[B
ν , Bµν ]
= J iµT
i.
(3.12)
Because the Lagrangian density L has global gauge symmetry, the variation of L
under global gauge transformations vanishes. That is
δL = 0. (3.13)
Because αi are arbitrary global parameters, from eq(3.10), we can obtain the fol-
lowing conservation equation:
∂µJ iµ = 0. (3.14)
The corresponding conserved charges are
Qi =
∫
d3xJ i0
=
∫
d3x(ψ†T iψ + [Aj , A
j0]i + [Bj , B
j0]i).
(3.15)
After quantization, Qi are generators of gauge transformation. An important fea-
ture of the above relation is that no matter what the value of parameter α is, gauge
fields Aµ and Bµ contribute the same terms to the conserved currents and conserved
charges.
5
4 Local Gauge Symmetry
If U in eq(3.1) depends on space-time coordinates, the transformation of eq(3.1)
is a local SU(N) gauge transformation. In this case,
∂µU 6= 0 , ∂µαi 6= 0 (4.1)
The corresponding transformations of gauge fields Aµ and Bµ are
Aµ −→ UAµU † − 1
ig
U∂µU
† (4.2a)
Bµ −→ UBµU † + 1
iαg
U∂µU
† (4.2b)
respectively.
Using above transformation relations, it is easy to prove that
Dµ −→ UDµU † (4.3a)
Dbµ −→ UDbµU †. (4.3b)
Therefore,
Aµν −→ UAµνU † (4.4a)
Bµν −→ UBµνU † (4.4b)
Dµψ −→ UDµψ (4.5)
Aµ + αBµ −→ U(Aµ + αBµ)U † (4.6)
It can be strictly proved that the Lagrangian density L defined by eq(2.8) is invari-
ant under the above local SU(N) gauge transformations. Therefore the model has
strict local gauge symmetry.
An obvious characteristics of this gauge field theory is that two different gauge
fields Aµ and Bµ which correspond to one gauge symmetry are introduced into the
theory. From eq(4.2a,b), we know that both gauge fields Aµ and Bµ are standard
gauge fields. But, they have different roles in theory. It is known that, in Yang-Mills
theory, gauge field can be regarded as gauge compensatory field of matter fields. In
other words, if there were no gauge field, though the Lagrangian could have global
gauge symmetry, it would have no local gauge symmetry. In order to make the
Lagrangian have local gauge symmetry, we must introduce gauge field and make the
variation of gauge field under local gauge transformations compensate the variation
of the kinematical terms of matter fields. So, the form of local gauge transformation
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of gauge field is determined by the form of local gauge transformation of matter
fields. Similar case holds in the gauge field theory which is discussed in this paper:
gauge field Aµ can regarded as gauge compensatory field of matter fields and gauge
field Bµ can be regarded as gauge compensatory field of gauge field Aµ. Therefore,
in this gauge field theory, the form of the local gauge transformation of gauge field
Aµ is determined by the form of local gauge transformation of matter fields, and the
form of local gauge transformation of gauge field Bµ is determined by the form of
local gauge transformation of gauge field Aµ. And because of the compensation of
gauge field Bµ, the mass term of gauge field can be introduced into the Lagrangian
without violating its local gauge symmetry.
5 The Masses of Gauge Fields
The mass term of gauge fields can be written as:
(Aµ , Bµ)M
(
Aµ
Bµ
)
. (5.1)
where M is the mass matrix:
M =
1
1 + α2
(
µ2 αµ2
αµ2 α2µ2
)
. (5.2)
Generally speaking, physical particles generated from gauge interactions are eigen-
vectors of mass matrix and the corresponding masses of these particles are eigenval-
ues of mass matrix. M has two eigenvalues, they are
m21 = µ
2 , m22 = 0. (5.3)
The corresponding eigenvectors are(
cosθ
sinθ
)
,
(
−sinθ
cosθ
)
, (5.4)
where,
cosθ =
1√
1 + α2
, sinθ =
α√
1 + α2
. (5.5)
Define
Cµ = cosθAµ + sinθBµ (5.6a)
Fµ = −sinθAµ + cosθBµ. (5.6b)
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It is easy to see that Cµ and Fµ are eigenstates of mass matrix, they describe those
particles generated from gauge interactions. The inverse transformations of (5.6a,b)
are
Aµ = cosθCµ − sinθFµ (5.7a)
Bµ = sinθCµ + cosθFµ. (5.7b)
Then the Lagrangian density L given by (2.9) changes into:
L = L0 + LI , (5.8)
where
L0 = −ψ(γµ∂µ +m)ψ − 1
4
C iµν0 C
i
0µν −
1
4
F iµν0 F
i
0µν −
µ2
2
C iµC iµ. (5.9a)
LI = igψγµ(cosθCµ − sinθFµ)ψ
− cos2θ
2cosθ
gf ijkC iµν0 C
j
µC
k
ν +
sinθ
2
gf ijkF iµν0 F
j
µF
k
ν
+ sinθ
2
gf ijkF iµν0 C
j
µC
k
ν + gsinθf
ijkC iµν0 C
j
µF
k
ν
−1− 34 sin22θ
4cos2θ
g2f ijkf ilmCjµC
k
νC
lµCmν
− sin2θ
4
g2f ijkf ilmF jµF
k
ν F
lµFmν + g2tgθcos2θf ijkf ilmCjµC
k
νC
lµFmν
− sin2θ
2
g2f ijkf ilm(CjµC
k
νF
lµFmν + CjµF
k
ν F
lµCmν + CjµF
k
ν C
lµFmν).
(5.9b)
In the above relations, we have used the following simplified notations:
C i0µν = ∂µC
i
ν − ∂νC iµ (5.10a)
F i0µν = ∂µF
i
ν − ∂νF iµ (5.10b)
From eq(5.9a), it is easy to see that the mass of field Cµ is µ and the mass of
gauge field Fµ is zero. That is
mc = µ , mF = 0. (5.11)
Transformations (5.7a,b) are pure algebraic operations which do not affect the
gauge symmetry of the Lagrangian. They can be regarded as redefinitions of gauge
fields. The local gauge symmetry of the Lagrangian is still strictly preserved after
field transformations. In another words, the symmetry of the Lagrangian before
transformations is completely the same as the symmetry of the Lagrangian after
transformations. In fact, we do not introduce any kind of symmetry breaking in the
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whole paper.
Fields Cµ and Fµ are linear combinations of gauge fields Aµ and Bµ, so the forms
of local gauge transformations of fields Cµ and Fµ are determined by the forms of
local gauge transformations of gauge fields Aµ and Bµ. Because Cµ and Fµ consist
of gauge fields Aµ and Bµ and transmit gauge interactions between matter fields,
for the sake of simplicity, we also call them gauge field, just as we call W± and Z0
gauge fields in electroweak model. Therefor, two different kinds of force-transmitting
vector fields exist in this gauge field theory: one is massive and another is massless.
6 Equation of Motion
The Euler-Lagrange equation of motion for fermion field can be deduced from
eq(5.8):
[γµ(∂µ − igcosθCµ + igsinθFµ) +m]ψ = 0. (6.1)
If we deduce the Euler-Lagrange equations of motion of gauge fields from eq(5.8),
we will obtain very complicated expressions. For the sake of simplicity, we deduce
the equations of motion of gauge fields from eq(2.8). In this case, the equations of
motion of gauge fields Aµ and Bµ are:
DµAµν − µ
2
1 + α2
(Aν + αBν) = igψγνT
iψT i (6.2a)
DµbBµν −
αµ2
1 + α2
(Aν + αBν) = 0 (6.2b)
respectively. In the above relations, we have used two simplified notations:
DµAµν = [D
µ , Aµν ] (6.3a)
DµbBµν = [D
µ
b , Bµν ]. (6.3b)
Eqs(6.2a,b) can be expressed in terms of component fields Aiµ and B
i
µ:
∂µAiµν −
µ2
1 + α2
(Aiν + αB
i
ν) = igψγνT
iψ + gf ijkAjµνA
kν (6.4a)
∂µBiµν −
αµ2
1 + α2
(Aiν + αB
i
ν) = −αgf ijkBjµνBkν (6.4b)
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The equations of motion for gauge fields Cµ and Fµ can be easily obtained from
eqs(6.4a,b). In other words, cosθ· (6.4a) – sinθ·(6.4b) gives the equation of motion
for gauge field Cµ, and – sinθ· (6.4a) + cosθ·(6.4b) gives the equation of motion for
gauge field Fµ.
From eq(6.2a) or (6.2b), we can obtain a supplementary condition. Using eq(6.1),
we can prove that
[Dλ , − igψγλT iψT i] = 0. (6.5)
Let Dν act on eq(6.2a) from the left, and let Dνb act on eq(6.2b) from the left,
applying eq(5.4) and the following two identities:
[Dλ , [Dν , Aνλ]] = 0 (6.6a)
[Dλb , [D
ν
b , Bνλ]] = 0, (6.6b)
we can obtain the following two equations
[Dν , Aν + αBν ] = 0 (6.7a)
[Dνb , Aν + αBν ] = 0 (6.7b)
respectively. These two equations are essentially the same, they give a supplemen-
tary condition. If we expressed eqs(6.7a,b) in terms of component fields, these two
equations will give the same expression:
∂ν(Aiν + αB
i
ν) + αgf
ijkAjνB
kν = 0. (6.8)
When ν = 0, eqs(6.4a,b) don’t give dynamical equations for gauge fields, be-
cause they contain no time derivative terms. They are just constrains. Origi-
nally, gauge fields Aiµ and B
i
µ have 8(N
2 − 1) degrees of freedom, but they sat-
isfy 2(N2 − 1)constrains and have (N2 − 1) gauge degrees of freedom, therefore,
gauge fields Aiµ and B
i
µ have 5(N
2 − 1) independent dynamical degrees of freedom
altogether. This result coincides with our experience: a massive vector field has 3
independent degrees of freedom and a massless vector field has 2 independent de-
grees of freedom.
7 The Case That Matter Fields Are Scalar Fields
In the above discussions, matter fields are spinor fields. Now, let’s consider
the case that matter fields are scalar fields. Suppose that there are N scalar fields
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ϕl(x) (l = 1, 2, · · ·N) which form a multiplet of matter fields:
ϕ(x) =


ϕ1(x)
ϕ2(x)
...
ϕN(x)

 (7.1)
All ϕ(x) form a fundamental representative space of SU(N) group. In SU(N) gauge
transformation, ϕ(x) transforms as :
ϕ(x) −→ ϕ′(x) = Uϕ(x) (7.2)
The Lagrangian density is
L = −[(∂µ − igAµ)ϕ]+(∂µ − igAµ)ϕ− V (ϕ)
− 1
4K
Tr(AµνAµν)− 14KTr(BµνBµν)
− µ2
2K(1+α2)
Tr [(Aµ + αBµ)(Aµ + αBµ)]
(7.3)
The above Lagrangian density can be expressed in terms of component fields :
L = −[(∂µ − igAiµTi)ϕ]+(∂µ − igAiµTi)ϕ− V (ϕ)
−1
4
AiµνAiµν − 14BiµνBiµν
− µ2
2(1+α2)
(Aiµ + αBiµ)(Aiµ + αB
i
µ)
(7.4)
The general form for V (ϕ) which is renormalizable and gauge invariant is
V (ϕ) = m2ϕ+ϕ+ λ(ϕ+ϕ)2. (7.5)
It is easy to prove that the Lagrangian density L defined by eq(7.3) has local SU(N)
gauge symmetry. The Euler-Lagrange equation of motion for scalar field ϕ is:
(∂µ − igAµ)(∂µ − igAµ)ϕ−m2ϕ− 2λϕ(ϕ+ϕ)2 = 0 (7.6)
If N2−1 scalar fields ϕl(x) (l = 1, 2, · · ·N2−1) form a multiplet of matter fields
ϕ(x) = ϕl(x)Tl, (7.7)
then, the gauge transformation of ϕ(x) is
ϕ(x) −→ ϕ′(x) = Uϕ(x)U+. (7.8)
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All ϕ(x) form a space of adjoint representation of SU(N) group. In this case, the
gauge covariant derivative is
Dµϕ = ∂µϕ− ig[Aµ , ϕ], (7.9)
and the gauge invariant Lagrangian density L is
L = − 1
K
Tr[(Dµϕ)+(Dµϕ)]− V (ϕ)
−1
4
AiµνAiµν − 14BiµνBiµν
− µ2
2(1+α2)
(Aiµ + αBiµ)(Aiµ + αB
i
µ).
(7.10)
8 A More General Model
In the above discussions, a gauge field model, which has strict local SU(N) gauge
symmetry and contains massive gauge bosons, is constructed. In the above model,
only gauge field Aµ directly interacts with matter fields ψ or ϕ, gauge field Bµ
doesn’t directly interact with matter fields. But this restriction is not necessary
in constructing the model. In this section, we will construct a more general gauge
field model, in which both gauge fields interact with matter fields in the original
Lagrangian. As an example, we only discuss the case that matter fields are spinor
fields. The case that matter fields are scalar fields can be discussed similarly.
In chapter 4, we have prove that, under local gauge transformations, Dµ and
Dbµ transform covariantly. It is easy to prove that cos
2φDµ + sin
2φDbµ is the most
general gauge covariant derivative which transforms covariantly under local SU(N)
gauge transformations
cos2φDµ + sin
2φDbµ −→ U(cos2φDµ + sin2φDbµ)U+, (8.1)
where φ is constant. If Dµ in eq(2.8) is replaced by cos
2φDµ + sin
2φDbµ, we can
obtain the following Lagrangian:
L = −ψ[γµ(cos2φDµ + sin2φDbµ) +m]ψ
− 1
4K
Tr(AµνAµν)− 14KTr(BµνBµν)
− µ2
2K(1+α2)
Tr [(Aµ + αBµ)(Aµ + αBµ)]
(8.2)
Obviously, this Lagrangian has local SU(N) gauge symmetry. Let Lψ denote the
part of the Lagrangian for fermions:
Lψ = −ψ[γµ(cos2φDµ + sin2φDbµ) +m]ψ. (8.3)
Using eqs(2.4a,b), we can change Lψ into
Lψ = −ψ[γµ(∂µ − igcos2φAµ + iαgsin2φBµ) +m]ψ. (8.4)
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From the above Lagrangian, we know that both gauge fields Aµ and Bµ directly
couple to matter field ψ. Substitute eqs(5.7a,b) into eq(8.4), we get
Lψ = −ψ[γµ(∂µ − ig cos
2θ − sin2φ
cosθ
Cµ + igsinθFµ) +m]ψ. (8.5)
The equation of motion for fermion field ψ is
[γµ(∂µ − ig cos
2θ − sin2φ
cosθ
Cµ + igsinθFµ) +m]ψ = 0. (8.6)
The equations of motion for gauge fields Aµ and Bµ now change into:
DµAµν − µ
2
1 + α2
(Aν + αBν) = igcos
2φψγνT
iψT i (8.7a)
DµbBµν −
αµ2
1 + α2
(Aν + αBν) = −iαgsin2φψγνT iψT i. (8.7b)
If φ vanish, the Lagrangian density (8.2) will return to the original Lagrangian
density (2.8), the equations of motion (8.7a,b) will return to eqs(6.2a,b), and eq(8.6)
will return to eq(6.1). So, the model discussed in the above chapters is just a special
case of the model we discuss in this chapter.
9 U(1) Case
If the symmetry of the model is U(1) group, we will obtain a U(1) gauge field
model. We also use Aµ and Bµ to denote gauge fields and ψ to denote a fermion
fields. In U(1) case, the strengths of gauge fields are
Aµν = ∂µAν − ∂νAµ (9.1a)
Bµν = ∂µBν − ∂νBµ (9.1b)
Two gauge covariant derivatives are the same as (2.4a,b) but with different content.
The Lagrangian density of the model is:
L = −ψ[γµ(cos2φDµ + sin2φDbµ) +m]ψ
−1
4
AµνAµν − 14BµνBµν
− µ2
2(1+α2)
(Aµ + αBµ)(Aµ + αBµ)
(9.2)
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Local U(1) gauge transformations are
ψ −→ e−iθψ, (9.3a)
Aµ −→ Aµ − 1
g
∂µθ (9.3b)
Bµ −→ Bµ + 1
αg
∂µθ. (9.3c)
Then, Aµν , Bµν and Aµ + αBµ are all U(1) gauge invariant. That is
Aµν −→ Aµν (9.4a)
Bµν −→ Bµν (9.4b)
Aµ + αBµ −→ Aµ + αBµ (9.4c)
Using all these results, it is easy to prove that the Lagrangian density given by
eq(9.2) has local U(1) gauge symmetry.
Substitute eqs(5.7a,b) into eq(9.2), the Lagrangian density L changes into
L = −ψ[γµ(∂µ − ig cos2θ−sin2φcosθ Cµ + igsinθFµ) +m]ψ
−1
4
CµνCµν − 14F µνFµν − µ
2
2
CµCµ
(9.5)
where,
Cµν = ∂µCν − ∂νCµ (9.6a)
Fµν = ∂µFν − ∂νFµ (9.6b)
So, in this model, there is a massive Abel gauge field as well as a massless Abel
gauge field. They all have gauge interactions with matter field. In this case, U(1)
gauge interactions is transmitted by two different kinds of gauge fields.
It is known that QED is a U(1) gauge field theory. According to the model we
discuss here, we may guess that there may exist two different kinds of photon, one
is massive while another is massless. And if θ is near pi/2 and the mass of massive
photon is large, the massless photon field couples with charged fields will be much
stronger than massive photon.
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10 Two limits of the model.
Now, we let’s discuss two kinds of limits of this model. The first kind of limits
corresponds to very small parameter α. Let
α −→ 0, (10.1)
then
cosθ ≈ 1 , sinθ ≈ 0. (10.2)
From eqs(5.6a,b), we know that the gauge field Aµ is just gauge field Cµ and the
gauge field Bµ is just the gauge field Fµ. That is
Cµ ≈ Aµ , Fµ ≈ Bµ. (10.3)
In this case, the Lagrangian density (2.9) becomes
L ≈ −ψ[γµ(∂µ − igC iµT i) +m]ψ
−1
4
C iµνC iµν − 14F iµνF iµν − µ
2
2
C iµC iµ.
(10.4)
The massless gauge field do not interact with matter fields in this limit. So, the
α −→ 0 limit corresponds to the case that gauge interactions are mainly transmit-
ted by massive gauge field. So, the above Lagrangian approximately describes those
kinds of gauge interactions which are dominated by massive gauge bosons.
The second kind of limits corresponds to very big parameter α. Let
α −→ ∞, (10.5)
then
cosθ ≈ 0 , sinθ ≈ 1. (10.6)
From eqs(5.6a,b), we know that:
Cµ ≈ Bµ , Fµ ≈ −Aµ. (10.7)
Then, the Lagrangian density (2.9) becomes
L ≈ −ψ[γµ(∂µ + igF iµT i) +m]ψ
−1
4
F iµνF iµν − 14C iµνC iµν − µ
2
2
C iµC iµ.
(10.8)
In this case, massive gauge field does not directly interact with matter fields. So,
this limit corresponds to the case when gauge interactions are mainly transmitted
by massless gauge field.
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In the particles’ interaction model which describes the gauge interactions of real
world, the parameter α is finite,
0 < α <∞. (10.9)
In this case, both massive gauge field and massless gauge field directly interact with
matter fields, and gauge interactions are transmitted by both of them.
11 The renormalizability of the theory
The renormalizability of the theory can be very strictly proved[14]. But this
proof is extremely long and is not suitable to write it here. We will not discuss it in
details in this paper. We only want to discuss some key problems on the renormal-
izability of the theory.
It is know that, according to the power counting law, a massive vector field
model is not renormalizable in most case. The reason is simple. It is known that
the propagator of a massive vector field usually has the following form:
∆Fµν =
−i
k2 + µ2 − iε(gµν +
kµkν
µ2
). (11.1)
So, when we let
k −→∞ (11.2)
then,
∆Fµν −→ const. (11.3)
In this case, there are infinite kinds of divergent Feynman diagrams. According to
the power counting law, this theory is a kind of non-renormalizable theory. Though
gauge field theory contains massive vector fields, it is renormalizable. The key rea-
son is that the Lagrangian has local gauge symmetry[8 ].
As we have stated before, this gauge field theory has maximum local SU(N)
gauge symmetry. When we quantize this gauge field theory in the path integral
formulation, we must select gauge conditions first [17 ]. In order to make gauge
transformation degree of freedom completely fixed, we must select two gauge condi-
tions simultaneously: one is for massive gauge field Cµ and another is for massless
gauge field Fµ. For example, if we select temporal gauge condition for massless
gauge field Fµ:
F4 = 0, (11.4)
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there still exists remainder gauge transformation degree of freedom, because tempo-
ral gauge condition is unchanged under the following local gauge transformation:
Fµ −→ UFµU † + 1
igsinθ
U∂µU
† (11.5)
where
∂tU = 0, U = U(
→
x). (11.6)
In order to make this remainder gauge transformation degree of freedom completely
fixed, we’d better select another gauge condition for gauge field Cµ. For example,
we can select the following gauge condition for gauge field Cµ:
∂µCµ = 0. (11.7)
If we select two gauge conditions simultaneously, when we quantize the theory
in path integral formulation, there will be two gauge fixing terms in the effective
Lagrangian. The effective Lagrangian can be written as:
Leff = L − 1
2α1
fa1 f
a
1 −
1
2α2
fa2 f
a
2 + η1Mf1η1 + η2Mf2η2 (11.8)
where
fa1 = f
a
1 (Fµ), f
a
2 = f
a
2 (Cµ) (11.9)
If we select
fa2 = ∂
µCaµ, (11.10)
then the propagator for massive gauge field Cµ is:
∆abFµν(k) =
−iδab
k2 + µ2 − iε
(
gµν − (1− 1
α2
)
kµkν
k2 − µ2/α2
)
. (11.11)
If we let k approach infinity, then
∆abFµν(k) ∼
1
k2
. (11.12)
In this case, according to the power counting law, the gauge field theory which is
discussed in this paper is a kind of renormalizable theory. At the same time, the
local SU(N) gauge symmetry will give a Ward-Takahashi identity which will even-
tually make the theory renormalizable. A strict proof on the renormalizability of
the gauge field theory can be found in the reference [15 ].
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In order to make the gauge field theory renormalizable, it is very important
to keep the maximum local SU(N) gauge symmetry of the Lagrangian. From the
above discussions, we know that, in the renormalization of the gauge field the-
ory, local gauge symmetry plays the following two important roles: 1) to make the
propagator of the massive gauge bosons have the renormalizable form; 2) to give a
Ward-Takahashi identity which plays a key role in the proof of the renormalizability
of the gauge field theory.
12 Comments
Up to now, we know that there are two mechanisms that can make gauge field ob-
tain non-zero mass: one is the Higgs mechanism which is well known in constructing
the Standard Model; another is the mechanism discussed in this paper. In this new
mechanism, the mass term of gauge field is introduced by using another set of gauge
field and the mass term of gauge fields does not affect the symmetry of the La-
grangian. We can imagine the new interaction picture as: when matter fields take
part in gauge interactions, they emit or absorb one kind of gauge field which is not
eigenstate of mass matrix, when we detect this gauge fields in experiments, it will
appear in two states which corresponds to two kinds of vector fields, one is massless
and another is massive.
Though the Lagrangian of the model contains the mass term of gauge fields, the
theory is renormalizable. So, we can use the mechanism to describe gauge interac-
tions of quarks and leptons. If we apply this mechanism to electroweak interactions,
we can construct an electroweak model which contains no Higgs particle.
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